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ABSTRACT 


The  aaln  body  of  this  book  Is  devoted  to  a  coUectloa 
of  forvuXae  relating  the  hypergeontrlc  functions  to  better 
known  functions.  There  Is  an  Introductory  exposition  of  the 
theoretical  results  on  hypergeoaetric  functions.  Proofs  are 
cnltted  but  references  are  supplied  for  those  interested  In 
the  proofs. 


1.  THE  JIYFIBaiCMmiC  raiCTIOi 


Tbe  purpose  of  this  Introduction  is  to  give  a  brief  suBMury  of  the  theoretical 
aspects  of  the  hypergeoaetrlc  function.  A  aore  coaplete  discussion  aay  be  found 
In  . 

The  hypergeoaetrlc  series: 


00 


Is  absolutelv  convergent  vhen  |  z  |  <1  providing  c  Is  not  zero  or  a  negative  ^Inte¬ 
ger.  When  |z|  «  1  the  series  is  absolutely  convergent  providing  Re  (a  -f  b  -  c)<0. 
The  hypergeoaetrlc  series  thus  defines  a  function  F  (a,  b;  c;  z)  which  Is  analytic 
Inside  the  unit  circle.  If  a  cut  Is  aade  froa  -t-l  to  -f  go  ,  F  (a,  b;  c;  z)  Is  ana* 
lytic  throughout  the  cut  plane. 

At  the  outset,  one  notes  the  alatost  trivial  Identities 


(2)  F  (a,  b;  c;  z)  =  F  (b,  a;  c;  z) 

(3)  ^  F  («,  b;  c;  z)  -  F  (a+1,  b+1;  c+1;  z) 


Tens  by  tern  differentiation  of  (1)  shows  that  F  (a,  b;  c;  z)  satisfies  the 
differential  equation: 


(M 


z  (1-z) 


(a+b+1)  z 


du 

dz 


a  b  u  =  0 


and  fron  (1)  and  (3)  F  (a,  b;  c;  z)  could  have  been  defined  as  that  solution  of 
(U)  which  satisfies  the  initial  conditions: 


(5) 


u  (0)  =  1 


u’(0) 


ab 

c 


Rienann  observed  that  the  hypergeonetrlc  equation  (4)  is  con5)letely  described 
by  its  singularities.  That  Is  to  say  (4)  has  three  regular  singularities,  one  at 
z  =  0,  one  at  z  E  1,  and  one  at  z  =  oo ,  with  exponents  0  and  1  -  c,  0  and  c  -  (a-t-b), 
and  a  and  b  respectively.  Thus 


I 


(6)  a  -  P 


/ 

'  0 


1  -c 


CD 


0 


c-(a*b) 


Indicates  that  u  satisfies  the  hyper geometric  equatloa.  In  (6)  the  singularl- 
j  ties  of  (4)  are  written  in  the  first  row  and  the  exponents  of  the  singularities 
are  written  beneath  the  appropriate  8ingulau*lty . 


More  generally  the  fact  that  u  satisfies  a  second  order  linear  differential 
equation  with  three  regular  singularities  at  a,  b  and  c  with  exponents*  a,  a';  0;  0' 
and  If  ,  'V  respectively  Is  indicated  by  writing; 


/ 


a 


(7)  u  =  P 


V“' 


b 

3 

3' 


7 


\ 


y 


The  differential  equation  (called  the  P-equatlon  of  Rlemann  and  Papperltz)  is; 


(8) 


d^u  Z' l-g-g'  1-0-0'  1-7- y  ^  du 

^  z-a  z-b  z-c  J  dz 


+  i  Q  q'  (g-b)  (o-c  )  ^  0  0*  (b-c )  (b-a)  ^  ^  7'  (c-a)  (c-b)  H 

z-b  z-c  f 

j 


z  -a 


u 


(z-a)  fz-b)  (z-c) 


=  0 


wnere  the  exponents  must  satisfy 


(9)  a+a'-*-0-*-0'i-^f?'=l 


It  Is  assumed  here  that  none  of  the  exponent  differences  sire  Integral. 
In  this  exceptional  case,  tl^  complete  solution  may  Involve  logaurlthmlc 
terms  and  is  discussed  in  llO 


3. 


By  direct  traatformtloQ  of  (6)  It  nay  be  verified  that 


(vhere  a. ,  b. ,  c. ,  and  z^,  are  derived  from  a,  b,  c,  and  z  by  the  aaae  hono- 
gri^lc  t  rani  format  Ion 


Prom  equation  (8)  a  and  a'  or  7  and  7'  or  both  may  be  Interchanged  bo  that 
(12)  ylelda  four  aolutlona  In  terms  of  the  hypergeometrlc  aerlea.  Equation  (6) 
la  also  Invariant  iznder  any  permutation  of  the  triplets  (a,  a,  a'  ),  (b,  0') 

and  (c,T,  7')  so  that  a  total  of  Zk  aolutlona  may  be  obtained  from  (12).  These 
ZU  solutions  are  listed  In  [I23Z]  and  fumlah  24  solutions  of  the  hypergeometrlc 
equation. 

Prom  the  general  theory  of  linear  differential  equations,  any  three  of 
these  solutions  which  have  a  connon  domain  of  existence  must  be  linearly  dependent 
In  that  domain.  Por  a  listing  of  the  relations  connecting  the  24  solutions  see[23^* 


I 


k 


Tbm  hypergeowtrlc  series  nay  be  represented  ty  e  contour  Intecrel: 


(13)  F  (e,  b;  c;  t) 


(-t)*  4* 


whtr*  I  «rg  (-s)  and  tb*  path  of  Intafraticn  la  aueh  that  tha  polaa  of 

11*  GB  the  left  of  the  path  and  the  poles  of  P(-s)  lie  to  the 
rl^t  of  It  (it  Is  assuaed  that  neither  a  nor  b  is  a  negatlee  Integer). 

The  analytic  continuation  of  the  hypsrgsoaatrlc  aeries  can  be  bbtainad 
froa  (13)  and  is  found  to  be: 


where  j  arg  (-s)  |  <C  s  and  |  s  |  ;>!. 

When  Re  (c)  ^Re  (b)  ^0,  a  aore  convenient  real  Integral  representation 
for  the  hypergeoastrlc  series  Is: 

I 

(15)  F  (a,  b;  c;  z)  -  jT  (l-u)®"''“^  (1^  s)**  du  . 

If  la  the  hype-^eonet-l'*  ♦taction  ?(s,  b;  c;  t)  one  of  the  paraswters 
(ip  bp  or  c  Is  br^+lpb  +  lorc+l  respectively,  one  obtains  a 

fur-.:tior  wbl'h  is  ssi't  to  be  cor.tlguous  to  F(a,  b;  c;  z).  It  can  be  shown 
;  |that  &  linear  r>ilstion  exists  u«>\.wt»en  a  hypergeoastrlc  function  and 
any  two  of  its  coatlgucr;e  functions.  Ibus,  fifteen  relations  which  were 
firjt  fo'jn'i  by  G«i:se,  can  be  derived.  Bs';ause  of  their  usefulness  in  reducing 
hypergsone ^rlc  functl>>ns  to  simpler  functions,  these  relations  are  listed  below. 
WritlT^  Fp  F(a  +  1),  ?(b  +  l)p  arui  F(c  +  l)  for  F(a,  b;  cj  z),  F(a  ♦  1,  b;  c;  t), 
F{h,  b  +  1;  c;  r.},  and  F(ap  *;  c  +  1;  zj  rvjspectlvely,  these  relations  are: 

(It)  1  c  -  2a  -  (b  -  e.)  7  I  F  +  a(l  z)  F  (a  1)  -  (c  •  e)  F  (a  •  1)  ■  0 

(1'.')  ^b  -  s)  F  +  a  F  (a  +  1 )  -  b  F  (b  4  1)  =  0 

aS)  (c  -  a  -  b)  F  H  ft  (1  -  7.)  F  (a  +  1)  -  (c  -  b)  F  (b  -  1)  -  0 


5. 


(19)  c  (c  -  b)^  F  -  ac  (1  -  s)  F  (a  +  1)  + 

(20)  (c  -  a  -  1)  F  +  aF  (a  +  1)  -  (c  -  1)  F  (c  - 

(21)  (c  -  a  -  b)  F  -  (c  -  a)  F  (a  -  1)  ♦  b(l  -  z) 

(22)  (b  -  a)  (1  -  z)  F  -  (c  -  a)  F  (a  -  1)  +  (c  - 


(23)  c  (1  -  z)  F  -  c  F  (a  -  1)  .  (c  -  • 

(24)  a-l-(c-b-l)T^  F*(c-a)r''U- 

I _  ‘  _j 

(25)  |_c  -  2b  +  (b-a)  7]  F  +  b  (1  -  z)  F  (b  +  l) 


(2b) 


b  - 


(c-a) 


n 


F 


bed 


z)  F  (b  +  1)  + 


(27)  (c  -  b  -  1)  F  +  b  F  (b  +  1)  -  (c  -  1)  F  (c  - 


(28)  c  (1  -  z)  F  -cF  (b  -1)  *  (c  -a)  zF  (c  + 


(29)  [7-  1  -  (c-a-1)  zj  F  -  (e  -  b)  F  (b  -  1)  - 


(30)  c  c  -  1  -  (2c-a-b-l)  z  F  *  -  a)  {c  -  t 


(c  -  a)  (c  -  b)  z  F  (c  +  1)  -  0 

1)  -  0 

F  (b  +  1)  -  0 

b)  F  (b  -  1)  =  0 

0 

-  ic  -  1)  (1  -  Z)  F  (c  -  1)  «  0 
•  (c  “b)  F  (b  ”l)  =0 

(c  -  a)(c  -  b)  z  F  (c  +  1)  =0 

1)  =  0 

1)  =  0 

(c  -  1)(1  -  z)  F  (c  -  1)  =  0 

z  F  (('  1  )  -I  u  (c-J  )  0 
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II.  THE  COIfFLUEMT  HYPEKSBCMETRIC  FUHCTiai 


If  in  a  differential  equation  two  of  the  •Ingularlties  tend  to  colncld«nc«,  a 
differential  equation  results  which  is  known  as  a  confluent  form  of  the  orl4lnal. 

In  particular.  If  in  the  equation  satisfied  by  F  (a,  b;  c;  |^  )  the  Halt  Is  taken 
as  b  approaches  oo_  the  confluent  hypergeoaetric  equation  results, 

(31)  z  I  -(*-c)||-au-0 
d  z 

one  solution  of  (3I)  Is  the  conflxient  hypergeoaetric  series 


(32)  (a;  c;  z) 


n 

z 


Equation  (31)  has  a  regular  singularity  at  zero  and  an  Irregular  singularity  at  00. 


Since  F  (a,  b;  c;  z)  is  syrtmetric  in  a  and  b,  equation  (15)  becoaes,  by  confluence 
when  Re  (c)-^Re  (a)  >  0; 


(33)  Fj_  (e;  c;  2) 


L  (c) _  ' 

’  '  (a)  ;  1  (c-a) 


in  a-1 
c  u 


,,  vC-a-1  . 

(1-u)  du 


Another  solution  to  (31)  given  by 


(3^)  (a;  c;  z) 


-zu  a-1  /,  xC-a-1  . 
e  u  (1-Hi)  du 


where  Re  (a)  ^0  and  Re  (z)  j>0. 

Many  authors  prefer  to  treat  the  Whittaker  functions  M|.  ^  (z),  and  (*)  which 

are  related  to  the  confluent  hypergeometrio  fun'-tlon  .'v  -he  formulae' 

1 

\,m  "  e‘^'^  z  ^  ,  F^  (|  -  k  4  m;  2in  +  1;  z) 

(35)  1 

\,m  *  ^  (|  -  k  +  m;  2b  +  1;  z) 


The  Whittaker  functions  satisfy  the  differential  equation 


(36) 


w 


d  z 


1  2 

k  IT  ■  ■  ’ 

z  ^  2 


0 


and  are  discussed  in 


L^t]  • 
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III.  RBDDCTIOIS  OF  HTFOVaONEIItlC  rUfCIlOfS 


AID  DCPLAIATKlf  OP  THE  TABLE 


Aa  prerloualy  noted,  any  aecood  order  linear  differential  equation  with 
three  regular  alngularltlea  can  be  reduced  to  the  hypergeooetrlc  equation  by 
(12).  Thia  equation  In  turn  nay  then  be  aolved  In  tema  of  the  hypergeoaietrlc 
ftmctlon.  Several  vaya  are  open  for  reducing  the  hypergeonetrlc  and  confluent 
hypergeoaetrlc  ftinctiona  to  better  known  (In  the  sense  at  least  that  better 
taholatlons  exist)  functions.  Por  exaople,  one  might  sljqply  exaailne  the  hyper- 
gaoaatrlc  series  for  special  parameter  values.  Thus,  .F.  (a;  c;  z)  and 
F  (a,  b;  c;  z)  reduce  to  polynomials  whenever  a  Is  a  ne^tlve  Integer.  Again, 

It  may  be  possible  to  evaluate  the  integrals  (r3),  (15)/  (id)/  or  (19)  which 
represent  the  hypergeontrlc  function;  or  It  may  be  possible  to  find  the  conplete 
solution  of  the  hypergeoaietrlc  equation  In  terms  of  better  known  functions. 

With  these  and  other  techniques,  and  with  a  perusal  of  the  literature, 
the  following  tables  have  been  collected  In  the  hope  of  making  the  task  of  the 
engineer  and  physicist  somewhat  eaisler. 

The  organization  of  the  results  is,  as  far  as  possible,  lexlcogra|dilc 
with  respect  to  parameter  values.  Since  F  (a,  b;  c;  z)  Is  synoetrlc  with 
respect  to  a  and  b  the  smaller  parameter  has  been  chosen  to  be  first.  A  brief 
glance  at  the  section  headings  should  suffice  to  acquaint  the  user  with  the 
other  points  of  organization. 
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EBFlHiriKaS 


1.  TUnctiociB 


J7  M 


tf  (») 


(0*)  L  z^\ 

4t  (\V  y"  ^ 

-CO 


Jy  (x)  cosTx  - 
sin  7  a 


2.  Modified  Bessel  Functions 


Ij  (z)  -  1  (1  z) 

(z)  «  I  "  (i)  -  (*)^  cot  7  a 


Cosine  and  Sine  Ibtegrals 

00 

Cl  (z)  .  - 


cos  X 


SI  (z) 


z 

/ 


sin  X 


dx 


dx 


k.  Confluent  Hypergeometrlc  Functions 


1  '1  <»’  "  2 

^  " 


r(a-«) 

p(c-m)  n! 


1  /-  vC-n-1  . 
(14U}  du 


dt 


Re  (a)  >-0,  Re  (z)  >0 


9. 


%  Elliptic  Itotegralf 


E( 


K(k) 


6.  Error  Functions 


(1-k^  sln^  0)^/^  d  0 


^  sln^  0)"^'^^  d  0 


^  _  2 

Erf  (x)  e"'^  du 


00 


/C  -u^ 

Erfc  (x)  «  /  e  du 

c/ 

X 


7<  Exponential  Integral 


-El  (-x) 

6.  Fresnel  Integrals 

C  (x)  =  - 

S  (x)  =  - 

\ 

9.  Gaoma  Function 


QO 

•/- 


du 


X 

_1 P  cos  u 

i  ^ 

_1 j  sin  u 

i  MV 


00 


FM  -f 


du 


du 


du 


10.  Incon^)lete  Ganna  Functions 

GO 


r(a.x) 

X 

y  (a,x)  =  P(a)  -  P(a,x) 


du 


10. 


II .  G«CBnb«uer  Polynoaials 


c»  (.) 


1-0 


(-l)^P(7^i)f  (n+2T^l)  (|  -  I  t)' 
up  (7)  p(21^>2r)  (n-1)! 


12.  Hankel  Tunctloas 

(z)  «  (2)  ^  i  Yy  {2) 

(2) 

Ej  (2)  ■  Jy  (2)  -  1  Y-jr  (2) 

13.  Hypergeonetrlc  Function 

F  (a,  b;  c;  z) 


00 


n-0 


^  r(a-m)I^(b^)  n 

nTpTc+ol 


14.  Legendre  Functions 


'  pTi^  (i-^^ 


O 

2 


F  (.?,  r^i;  i-»;  ^  ) 


Re  j  1 


P.  (z)  =  P.  (z) 


/  \  n 

^7  "  2  sin 

Q7  (z)  =  (z) 


B  1C 


pT^  17  1  cr>fl  Ifl  •  d 

r(7^u)  p-B  .  . 

r  y  \  *  /  '-'wo  III  W  •  ■ 

15.  Logarithmic  Integral 


LI  (x)  = 


dt 


X 

n 

d  ^ 

0 


Ei  (log  x) 


16. 


7(z)  =  Lim  I  Log  (n  z)  - 
n - >00 


|~i^< 


1^ 


Z4l 


u. 


17>  Uhlttaker  FUnctloDs 

1 


(x) 

-x/2 

■  e  '  X 

(j  -k-Ho;  2li-fl 

1 

“k,. 

(x) 

-x/2  “■*2 

■  e  '  X 

-k-Hn;  2B-fl;  x) 
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1.1 


y  i  ^  •  x) 

'  S'  ^  3  *  3  ' 


1.  RIKBRICAL  PAIUMBTSCS 


e 


1.2 


«.  /I  \  A 

Mf  ,  -  r  ;  j  ;  X)  .  1^- 


2 


1.3 


F  (—  ^  *  —  *  x)  B  ^ 

^3  '  6  '  3  ’  \JT 


1  ♦  \il-x 
2 


^1/3 


1.4 


F  (|  ,  I  ;  1  ;  k^)  -  I  K  (k) 


1.5 


F  (.  I  ,  I  ;  1  ;  k^)  -  I  E  (k) 


1.6 


=  /I  1  3  2^  1  ^  -1 

^^2»2'2'*^“x®^  * 


1.7 


F  (|  ,  1  ;  1  ;  x)  ^ 


1.8 


=.  /I  1  3  2.  1^-1 

F  (^  ,  1  ;  f  ;  -x  )  -  -  tan 


1.9 


,1,3  2.  1  ,  1+x 
(2  »  1  ;  f  ;  *  )  -  2^  in  5^ 


1.10 


1.11 


F  (|  ,  1  ;  2  ;  x) 


A  5  1  X 

(9  •  r  ;  r  ;  *)  “ 


1  nJT- 


l+x 


^2  ’  C  '  IT  '  “  ^_^j3/2 


1.12 


?  (|  /  j  ;  I  ;  x) 


l-fX 


(1-x) 


571 


13. 


1.13 

1.14 

1.15 

1.16 

1.17 

1.18 

1.19 

1.20 

1.21 

1.22 


.  I  ; 


1  ccah 


t«nh  X  (2  cosh 


P  (1  ,  1  ;  ^  ;  sln^  x)  =  — - - - 

2  Bin  X  COB  X 


P  (1  ,  1  ;  2  ;  -x)  .  i  In  (l^x) 


F  (1,  I  ;  I  ;  x) 


P  (1,  I  ;  2  ;  x)  = 


l»x 

(1-x)^ 

2 


1-x  +  (1-x) 


1/2 


F  —  •  2  •) _ _ 

I _ cosh  X _ 1 

F  (1  ,  I  ;  3  ;  x)  =  ^ 


2  e  cosh  X  tanh  x 

— I  2 


1  *  Ml-x 


iljn  F(1  ,  0  ;  1  ;  J)  = 


0 - >00 


0 


s  u  ^ 

F  (^  ,  3  j  ;  x)  ^ 


(l-x) 


TJl 


1  .  (1-x) 


TJl 


2/3 


F  (3  ,  ^  ,  3  ,  X) 


1 _  }  6 

5  (l-x) 


1-x 


1  . 

'  .  J 


2 

2/3  1 

r 

1  '\jl-x 

1.23 


1.24 

1.25 

1.26 

1.27 

1.28 

1.29 

1.30 

1.^ 

1.32 


14. 


1-33  F  (2  ,  2  ;  3  ;  -x) 


*  2 


1.3^  F  (2  ,  I  ;  I  ;  x)  =  — ^ 


1-35  F  (2  ,  I  ;  3  ;  x) 


1 

4 

2  1 

3 

\J  l-X  (1-X  -f  ^1-x)^ 

1.36 

?  (2  , 

;  X)  . 

8 

'^'l-x  (l+\|l-x)^ 

1.37 

F  (2  , 

X 

II 

2  X  +  1 
(l-x)'' 

1.36 

I'  <1  ’ 

3  ;  1  ;  x)  = 

1>X 

(1-x)^ 

1.39 

F  (|  , 

3  ;  3  ;  x)  = 

1 

(l-x)5/'^ 

1.40 

F  (3  , 

4  ;  2  ;  x)  = 

i  ♦X 

(1-x)" 

F  (a,  b  ;  1 

•CD 

2 

1.41 

Llm 

a,b - ^ 

'  ■  Jib  = 

1  X 

1-^2  Lljn  F  (a,  b  ;  -  ;  )  =  CoBh  x 

a,b - ><X) 


1 

X  f  1  ♦x ) 


-  -g  In  (1+x) 


1-^3 


Llm  F  (a,  b  ;  I 
a,b — >-00 


-  sin  X 

X 


l.U 


Lljn  F  (a  , 
a,b - ►CD 


1 

2 


J*ab 


b 


-  slnh  X 
X 
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2.  FIRST  ARD  THIRD  PARAKTISRS  NUNERICAL 


2.1 


Ll»  F  (b,  -n  ;  2b  ;  -x) 
b - M) 


1  *  (l»x)° 
2 


2.2 


F  (1  ,  1-D  ;  2  ;  -x) 


nx 


1 
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3.  FIRST  PARAMETER  NUMERICAL 


3.1 


_  ,1  1  2v  2 

F  ,  -n  ;  ^  -n  ;  X  )  -  - 


2n 


-DsiiLi 

P(2n^l) 


l4X 

2x 


3.2 


-  /I  ,  32. 

F(^,n4l;n4j;x  ) 


\2n42) 


2  n*l 


-2n-fl|  -  v~l  2  i 

2  [_|  (n+l)j  X 


\2x 


3.3 


F(-l,0;P;-x)*l^x 


3.‘* 


F  (1  ,  -m  ;  A-m-t-l  ;  -  -) 


n  /a 


B 

1 


m/  i-C 


/a^  1 

1  * 


3.5 


F  (i  ,  B+i-a  ;  m+2  ;  -x) 


.  r\a-B)  (B4l)  : 
T  ,  .  V  B+l 

]  (a>l)  X 


OD 


J 


a\ 

n; 


3.6 


F  (-2  ,  P  ;  0  ;  -x)  =  (1  ^  x)‘ 


♦ 
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4.  THIRD  PARAMETER  NUMORICAL 


4.1 


-A  1  1  4  2  V 

F  n  ,  -  ^  n  ;  2  ;  •in  x)  -  coi  n  x 


4.2 


.,1111^2.  n 

F  n  ,  ^  a  *  ^  i  =•;  -  t«n  x)  -  cot  n  x  cot  x 
Cl  C  Ct  c» 


4.3 


F  ( 


1  1  1  1  (l+x)*'  ♦  (l-x)*'^ 

x)^  ■» - ^ — 5—^ - ‘— 


4.4 


„  ,  1  11  1  .  2  X  co«  a  X 

F  (-^  a  ,  ^  ^  a  ;  ^  -  Un  x)  -  - - - 


coa  X 


4.5 


•  /  \  1  M  l/2x'^'‘  1  /,  l/2v 


-2a 


4.6 


F  (.  n  ,  D  .  I  ;  i  ;  x^)  -  P,.  (x) 


iSfTr 


2n 


4.7 


„  .1  1  11  1  4  2  \  COS  a  X 

r  (2  -  2  .  ,  2  .  2  •  ;  j  ;  .in  x)  . 


4.8 


F  (  ^  -  I  ;  1  ;  1  -  (x) 


4.9 


F  (1  ♦  V ,  -  7;  1  ;  I  -  I  x)  »  P^  (x) 


4.10 


F  (-  n  ,  -  n  ;  1  ;  tan^  |  x) 


- ^ —  P  (cos  x) 

n  1  n 

cos  ^x 


4.11 


F  (n  ♦  1  ,  -  n  ;  1  ;  cos^  |  x)  »  (-  l)“  P^  (cos  x) 


4.12 


».^11  1  .*■  j  ^  \ 

^  2"2°'^”2°'2'*  ^ 


1  3  _  (1  -  x}°  -11  -  _xj; 

2  n  X 


4.13 


„  ,1  1  ,1  3  *  \  cin  n  X 

F  <2  -  2  "  -  1  -  3  n  i  2  ;  -  inn  »)  •  - ^ ^ 


n  sin  X  cos  x 
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_  /I  1  11  3  -^-2  X  sin  •  X 

*^“*8lnx 


1  .1  3  j^x  *1^  A  X 

F  (1  -  j  .  ,  1  ♦  j  j  ;  .in  .)  .  .  , 


-  A  1  1  1  3 


O  4  *i-*-l 

t«2  x)  .  °  - £ 

'  a  sin  X 


F  (-  n  ,  I  ♦  n  ;  I  ;  x^)  - 


,  xQ  /  . \2  -2n 

7—^ — — - —  P  (x) 
2  n  ♦  1)  1  X  '^an+l  '  ^ 


20 


3.  HO  KBOBIICAL  PARAMBTBtS 


5-1 


F  (-  n  ,  p  ;  a  ;  -  x)  »  (1  +  x) 


5.2 


5-3 


r  (•  -  I  ,  a  ;  2«  ;  x) 


F  (a  ,  a  ♦  I  ;  2a  ;  x) 


1 ,  g  - 
2  2 


l-2a 


(1 


\_j  z  J 


l-2a 


5.^ 


F(a,A+g^a;^a;x) 


l^t-x 


(1  -  x) 


a-fl 


5.5 


_/l  ,  1_  ,  \  nx+n-2 

F  (j  a  ,  »  -  1  ,  j  n  -  1  ;  x)  - 


i.6 


•*  coah  x)~* 


_  1  1  1  ,  1  \  e’“  (2  CO 

SSE-J 


5.7 


r  (  -  IfJi  j  1  -  „  ;  1  -  x^) 


-  ^rrg  -  h)  ,,, 
2^  ' 


5.8 


?(-7f  ?+1;1-u;|-|x) 


•ra-**)  (1^)'^'“  (>) 


5.9 


l-vl 


2  P  2  ^  2 

-ulx  _  7+1 


l+V+l 
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5.10 


F  (1  -  >  7i 


1 


ri^  -  («  •  (,) 


5-11 


5.12 


5.13 


1,  A  1  ^  ^  3  1  V 


(2  xf*^r'(n  .  I) 


Q,  (X) 


^  ^2'*'2^"2^^^  ^2  ^"2^'  ^"*^2  '  ?  ^ 


-ulx  V-v.  3\  ^l  +  <^-M  /„2  v2 


'(?-  f)  x^ 


(x  -1)‘ 


1 

2 


(x) 


]  '(1  u) 


F  (2  7+  n  ,  -  n  ;  ~  ;  |  |  x) 


•  Hf#3^  '.'  '-> 


5.1^* 


/  ^  .  1  ^ 


■  illL’I  -)-._ 

(2x)“r  ’(  .n) 


c:  (x) 


5.15 


F  I  ,  2  »  ^  '  2  2 


X  ♦  r 
2“  (x^  .  r")  ^ 


r**  P(u.J.  1)  R 


r(R ;  ^)r(?'-K  *  V  (C08  e) 


where 


X  =*  R  cos  9  ,  r  =  R  sin  0 


1 
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5-16 

where 

5.17 


„  ^  1  y. 


1  -  e 


2x 


-2x 


’('/•!)  (1  -  *■“) 
-  .3  1/2 - 


u  ♦ 


2-"  * 


(^♦^♦1 )  sinh^  X 


(cosh  x) 


1  X  2 

Llai  F(B-n,m  +  n  +  l;in-fl;]^  ^ 


n - *CD 


(  I  )“  ml  J  (x) 

X  IS 


.H  Icvj 
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6.  SPECIAL  ARGUMEJfT  VALUES 


6.1  F  (3a  ,  3«  >  I  ;  2a  4  I  ; 


6.2 


F  (-a  ,  -a  4  I  ;  2a  4  |  ;  -  ^) 


8 

9 


3a  p(2a  4  ;  '(  I  ) 

1tI)  rua.^) 


3' 


6.3 


^  '2  '  2  ’  ^  '  2  ^  “  ^372 


6.U 


F  (a  ,  1  - 


a  ;  c  ;  I  ) 


f  '(  -  ) 

2  ' 

2*2^ 

I  1/  1  1  1  ^ 

^  2  *  2  ''  '  2  ^  ' 

6.5 


F  (a  ,  b  ;  I  (a4b4l)  ;  |  ) 


I  /l.\|l/X  1.  '^■u\ 

,  <2*1  <  2  *  2  ■*  *  2 


^2^2  ^2*2^^ 


2  2 


6.6 


6.7 


7  (2a  ,  2b  ;  a  4  b  4  1  ;  I  ) 


a-b 


(a4b4l ) 


.ni 


[1  '(«)  i  H  •  '=> 


I  ’(*>) .  (|  •  ») 


c-a)  T  ~'(c. 

Re  (c)  -Re  (a4b) 


6.8 


F  (a  ,  b  ;  1  4  a-b  ;  -1 ) 


Hi  4  a  -  b)  [  '(1  4  I  a) 
^  '(1  4  aT  '(1  4  ^  a  -  b) 


6.9 


(a^l)  F  (-ft  ,  1  ;  b  ♦  2  ;  -1)  +  (6  ♦  1)  F  (-b  ,  1  , 


a  ♦ 


2k. 


2  ;  -1) 


a^b^l  1  ‘(ft^2)  I  (b^2j 

^  I  ’{ft+b^2) 


6.10 


F  (1  ,  ft  ;  ft  ♦  1  ;  -  i) 


=  2a 


>'  (  I  ^  I  I 


6.11 


1  2  ■►ln/3\ 

F  (a  .  -  ,  3«  ;  2«  *  3  :  ) 


♦in  ft/2 
2  n  e  - _ _ 

3ft  ■>•  1 

2 


(2a  ♦jo 


{■  (. .  i)P(« .  |)r(  I ' 


» 
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7-  THE  cxsfmjnrr  hyptoqecketric  function 


r  (i;  i;  -x^)  ,  glLlyJ 

I'l  ^2  '  2  '  ^  X 


(a  ,  a  ;  x)  -  e 


(a  ;  a>l  ;  -x)  *  ^  >  (a,x) 


1^1  ^2  ^  ^  '  2  1  x) 


I  ’(>.  1)  (  I  X  (x) 


^F^  (|  -'1;  I  >  2  j;  2x)  =1  ^  1)  e""  (|x)*'  (x) 


Liin  (a  ;  n  ;  -  |)  =|^'(n)  (2  x 


a —  -MX) 


F  (i  ;  I  ;  -X  e  ^  .  F  (i  ;  1  ;  -x  e 

i  i  c  i  1  c  c 


—  C  (x) 

X 


11  ^2  ’  2  ' 


X  (|  ;  I  ;  -X  e"^ 


=  -1  S  (x) 


;  I  ;  x") 


=  e  Erfc  X 


7.10 


ij;  (1  ;  1  ;  x)  =  -e^  El  (-x) 
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7.U 


(1  ;  1  ;  -  log  x) 


i*} 

X 


7.12 


(1  -  a  ;  1  -  a  ;  x)  -  e  ;  '(^ix) 


7.13  ^  (|  ^7;  1  >  2/;  2x)  =  X  e*  (2x)‘^K^  (x) 


7.1^ 


,,,1  .  ^  ,  V  1  -1/2  -l(x-^*)/_.-/_(l) 

V  *  y,  I  *  2  r  ;  -2  i  x)  -  n  c  '  (Zx)  '  E  ^  '  (x) 


7.15 


i'' 


(|  ^  7;  1  >  2  2  1  x)  .  -  I  (2x)’^hI^^  (x) 


7.16  V  1  ^  27;  2  1  x)  ^  >  7;  1  ♦  2^;  -2  1  x) 


=  (2x)‘  ^  (x) 


7.17 


I  X  -  I  1  e‘^  "'^Kl  ;  1  ;  1  x)  >  i  1  e^l]j(l  ;  1  ;  -1  x)  «  SI  (x) 


7.18 


^  (i  ;  1  ;  1  x)  -  i  (1  ;  1  ;  -1  x)  =  Cl  (x) 


27. 
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